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$\kappa,\overline{r},$ $\sigma_{r}$ , , ,












. $\nu$ , $\sigma s$ , $\rho_{SB}$
, $z_{S}$ $z_{r}$ .
, $P_{t}={}^{t}(B_{t}$ , S .
$dP_{t}=diag(P_{t})[(r_{t}1+\Sigma(r, t)\Lambda)dt+\Sigma(r, t)dZ_{t}]$ . (3)
2 $Z={}^{t}(z_{r}, z_{S})$ ,
$\Lambda={}^{t}(\lambda_{f}, \lambda_{S}),$ $\lambda_{S}=(\nu/\sigma s-\rho_{SB}\lambda_{r})/\sqrt{1-\rho_{SB}^{2}}$ . $1={}^{t}(1,1)$ , $\Sigma$
2 $x2$ .
$\Sigma(r,t)=(_{\sigma_{S}\rho_{SB}}^{\sigma_{B}(r,t)}$ $\sigma_{S}\sqrt{1-\rho_{SB}^{2}}0)$ .
, 2 . $*1$
1 $N$ , $n$ , $N$ ,
$dS_{nt}=S_{nt}[(r_{t}+\nu_{n})dt+\sigma_{n}(\rho_{nB}dz_{r\ell}+\Sigma_{j}^{n}=1h_{n^{j}}d_{Zjt})]$
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$\beta$ , 7 .
, Brennan and Xia (2002), Munk et al (2004) .
, $\pi={}^{t}(\pi_{B}, \pi s)$ ,
.
$dW_{t}=W_{t}[(r_{t}+{}^{t}\pi\Sigma(r, t)\Lambda)dt+{}^{t}\pi\Sigma(r, t)dZ_{t}]$ . (6)
, ( ) , $\pi_{M}=1-\pi_{B}-\pi_{S}$ .
, ,






$U(x)= \frac{1}{1-\gamma}x^{1-\gamma}$ . (8)
. .
$J(W_{t}^{*},r_{t},i_{t}, t)$
$:= \sup_{\pi}E_{t}[U(W_{T}^{*})]$ , $t\in[0,T]$ . (9)
, $C_{I}={}^{t}(c_{IB}, c_{IS})=\Sigma(r, t)\sigma_{I}$ , $Ci={}^{t}(c_{iB}, c_{iS})=$
$\Sigma(r, t)\sigma_{i},$ $c_{rI}=-\sigma_{r}\sigma_{Ir},$ $c_{ri}=-\sigma_{r}\sigma_{ir},$ $c_{Ii}={}^{t}\sigma_{i}\sigma_{I}$ . $e_{1}={}^{t}(1,0)$ .
$Hamilton-Jacobi$-Bellman (HJB ) ,
$\sup_{\pi}\{J_{t}+W^{*}\mu_{W}\cdot J_{W}\cdot+\kappa(\overline{r}-r)J_{r}+\beta(\overline{i}-i)J_{i}+\frac{1}{2}(W^{*})^{2}\sigma_{W^{*}}^{2}J_{W^{*}W}$.
$+ \frac{1}{2}\sigma_{r}^{2}J_{rr}+\frac{1}{2}\sigma_{i}^{2}J_{ii}+W^{*}\sigma_{W^{*}r}J_{W^{*}r}+W^{*}\sigma_{W^{*}i}J_{W^{*}i}+c_{ri}J_{ri}$ $=0$ , (10)
. $\rho_{nB}$ $n$ , $h_{nj}$ $N$
.
$dS_{t}=diag(S_{t})[(r_{t}1+v)dt+diag(\sigma_{S})\{p_{SB}dz_{rt}+HdZ_{St}\}]$




$N+1$ (3) , ,
, 2 .
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$I(W^{*}, r, i, T)= \frac{1}{1-\gamma}(W^{*})^{1-\gamma}$ (11)
. $J$ .
.
$\mu w\cdot$ $:=r+{}^{t}\pi\Sigma\Lambda-i+\sigma_{I}^{2}-{}^{t}\pi C_{I}$ , (12)
$\sigma_{W}^{2}.$ $:={}^{t}\pi\Sigma^{t}\Sigma\pi+\sigma_{I}^{2}-2^{t}\pi C_{I}$ , (13)
$\sigma_{W^{s}r}$ $:=-\sigma_{r}({}^{t}\pi\Sigma-{}^{t}\sigma_{I})e_{1}$ , (14)
$\sigma_{W^{*}t}$
$:={}^{t}\pi C_{i}-c_{Ii}$ . (15)
, ,
$\hat{\pi}=-(t\Sigma)^{-1}\Lambda\frac{J_{W}}{W^{*}J_{WW}}+\sigma_{r}(t\Sigma)^{-1}e_{1^{\frac{J_{Wr}}{W^{*}J_{WW}}}}$
$+( \Sigma^{t}\Sigma)^{-1}C_{I}\frac{J_{W}^{*}}{W^{*}J_{WW}}+(\Sigma^{t}\Sigma)^{-1}C_{I}-(\Sigma^{t}\Sigma)^{-1}C_{i}\frac{J_{Wr}}{W^{*}J_{W^{*}W}}$ . (16)
Merton (1971) , 2 ,
3, 4 , .
1 .
$J(W_{t}^{*},r_{t},i_{t},t)= \frac{1}{1-\gamma}f(r_{t}, i_{t},t)^{\gamma}(W_{t}^{*})^{1-\gamma}$ , (17)
$f(r, i,t)$ $:= \exp\{\frac{1-\gamma}{\gamma}a(T-t)+\frac{1-\gamma}{\gamma}b(T-t)r-\frac{1-\gamma}{\gamma}c(T-t)i\}$ . (18)
, $b(T-t),$ $c(T-$ .
$b(T-t)$ $:= \frac{1}{\kappa}(1-e^{-\kappa(T-t)})$ , (19)
$c(T-t)$ $:= \frac{1}{\beta}(1-e^{-\beta(T-t)})$ (20)








$M_{1}$ $:= \kappa\overline{r}-\frac{1-\gamma}{\gamma}\lambda_{r}\sigma_{r}-\frac{1-\gamma}{\gamma}c_{rI}$ ,
$M_{2}$ $:= \beta\overline{i}+\frac{1-\gamma}{\gamma}{}^{t}\Lambda\sigma_{i}-\frac{1-\gamma}{\gamma}c_{Ii}$ ,








$J(W_{t}^{*},r_{t},i_{t},t)$ $:= \sup_{c,n}E_{t}[w\int^{T}e^{-\delta(s-t)}U(c_{\delta}^{*})ds+e^{-\delta(T-t)}U(W_{T}^{*})],$ $s,$ $t\in[0,T],$ $s\geq t$ (24)
. $w$ , ,
. $w=0$ $\delta=0$ , (9) . $*2$ , 1 .
.
2 .
$J(W_{t}^{*}, r_{t},i_{t},t)= \frac{1}{1-\gamma}g(r_{t},i_{t},t)^{\gamma}(W_{t}^{*})^{1-\gamma}$ . (25)
, $g(r, i, t)$ .
$g(r,i,t)^{1}$$:=w^{\gamma} \int^{T}e^{\phi(r,i,\epsilon.-t)}ds+e^{\phi(r,i,T-t)}$ , (26)
$\phi(r, i, \tau):=-\frac{\delta}{\gamma}\tau+\frac{1-\gamma}{\gamma}a(\tau)+\frac{1-\gamma}{\gamma}b(\tau)r-\frac{1-\gamma}{\gamma}c(\tau)i$, $\tau\in[0,T]$ .
, $a(\tau),$ $b(\tau),$ $c(\tau)$ (19) $-.(21)$ .
Brennan and Xia (2002) , Vasicek ,
. Munk et al (2004) , OU
, ,
.
2 , HJB , .
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4
, $\sigma_{y}={}^{t}(\sigma_{yr}, \sigma_{y}s)$ ,
$dy_{t}=y_{t}[(\xi_{0}+\xi_{1}r_{t})dt+t_{\sigma_{y}dZ_{t}]}$ (27)
. $\xi 0$ , . $\xi_{1}$
, , ,






3 $Q$ , .
$H(r_{t},y_{t}, t)=E_{t}^{Q}[y_{\epsilon}e^{-\int_{f}^{\epsilon}r_{u}du}du$
$=y_{t} \int_{t}^{T}e^{\psi(r_{t},s-t)}ds$ . (29)
, $\psi(r, \tau)$ . , $b(\tau)$ (19) .
$\psi(r,\tau):=N_{1}\tau-(\xi_{1}-1)N_{2}b(\tau)-(\xi_{1}-1)^{2}N_{3}b(\tau)^{2}+(\xi_{1}-1)b(\tau)r$ , $\tau\in[0,T]$ . (30)
, .
$N_{1}$ $:= \xi_{0}-{}^{t}\sigma_{y}\Lambda+(\xi_{1}-1)\overline{r}+(\xi_{1}-1)\frac{\sigma_{r}\lambda_{r}}{\kappa}+(\xi_{1}-1)\frac{c_{ry}}{\kappa}+\frac{1}{2}(\xi_{1}-1)^{2}(\frac{\sigma_{r}}{\kappa})^{2}$ ,
$N_{2}$ $:=-+ \frac{\sigma_{r}\lambda_{r}}{\kappa}+\frac{c_{ry}}{\kappa}+\frac{1}{2}(\xi_{1}-1)(\frac{\sigma_{r}}{\kappa})^{2}$ ,
$N_{3}$
$:= \frac{1}{4}\frac{\sigma_{r}^{2}}{\kappa}$
, , , .
$H^{*}(r_{t},y \oint,t)=\frac{H(r_{t},y_{t},t)}{I_{t}}=y_{t}^{*}\int^{T}e^{\psi(r_{t},\epsilon-t)}ds$. (31)
Munk and Srensen (2007) ,
, (29) .
5
$dW_{t}=W_{t}[(r_{t}+{}^{t}\pi\Sigma(r, t)\Lambda)dt+{}^{t}\pi\Sigma(r, t)dZ_{t}]-c_{t}dt+y_{t}dt$ (32)
250
. (4) , .
$dW_{t}^{*}=W_{t}^{*}[(r_{t}+{}^{t}\pi\Sigma\Lambda-i_{t}+\sigma_{I}^{2}-{}^{t}\pi C_{I})dt+({}^{t}\pi\Sigma-{}^{t}\sigma_{I})dZ_{t}]-c_{t}^{*}dt+y_{t}^{*}dt$ . (33)
, , . ,
.
$J(W_{t}^{*},r_{t},i_{t}, y_{t}^{*},t)= \sup_{c,\pi}E_{t}[w\int^{T}e^{-\delta(s-t)}U(c_{s}^{*})ds+e^{-\delta(T-t)}U(W_{T}^{*})],$ $s,$ $t\in[0,T],$ $s\geq t$ . (34)
HJB , $C_{y}={}^{t}(c_{yB}, c_{y}s)=\Sigma\sigma_{y}$ , $Cry=-\iota_{\sigma_{y}\sigma_{r}e_{1}}$ ,
$\sup_{c,\pi}\{wU(c^{*})-\delta J+J_{t}+W^{*}\mu_{W^{r}}J_{W}\cdot-c^{*}J_{W}\cdot+y^{*}J_{W}\cdot+\kappa(\overline{r}-r)J_{r}+\beta(\overline{i}-i)J_{i}$
$+y^{*}\mu_{y}$ . $+ \frac{1}{2}(W^{*})^{2}\sigma_{W}^{2}.J_{WW}\cdot+\frac{1}{2}\sigma_{r}^{2}J_{rr}+\frac{1}{2}\sigma_{i}^{2}J_{ii}+\frac{1}{2}(y^{*})^{2}\sigma_{y}^{2}.J_{yy}*+W^{*}\sigma_{W^{*}r}J_{W^{*}r}$
$+W^{n}\sigma w\cdot\iota J_{Wi}+c_{ri}J_{ri}+W^{*}y^{*}\sigma_{Wy}*J_{Wy}\cdot+y^{*}\sigma_{y^{*}i}J_{yt}+y^{*}\sigma_{yr}J_{yr}$ $=0$ ,
$J(W^{*}, r, i, y^{*}, T)= \frac{1}{1-\gamma}(W^{*})^{1-\gamma}$ (35)
. , (12)-(15) .
$\mu_{y}\cdot=\xi_{0}+\xi_{1}r-i+\sigma_{I}^{2}-c_{yI}$ ,
$\sigma_{y^{*}}^{2}=\sigma_{y}^{2}+\sigma_{I}^{2}-2c_{Iy}$ ,









. Merton (1971) , 2 , 3, 4, 5
, 6 ,
.
, 2 3 .
1 .
$J(W_{t}^{*},r_{t},i_{t},y_{ti}^{*}t)= \frac{1}{1-\gamma}g(r_{t},i_{t}, t)^{\gamma}(W_{t}^{*}+H^{*}(r_{t},y:, t))^{1-\gamma}$ . (38)
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, $g(r, i, t)$ , (26) .
, , $c^{*}\wedge,\hat{\pi}$ ,




$g_{r}(r, i, t)= \frac{1-\gamma}{\gamma}[w^{\gamma}\iota\int^{T}b(s-t)e^{\phi(r,i,s-t)}ds+b(T-t)e^{\phi(r,i,T-t)]}$ ,
$g_{i}(r, i,t)=- \frac{1-\gamma}{\gamma}[w^{\gamma}\iota\int^{T}c(s-t)e^{\phi(r,i,s-t)}ds+c(T-t)e^{\phi(r,i,T-t)]}$ ,
$H_{r}(y_{t},r_{t},t)=( \xi_{1}-1)y_{t}\int^{T}b(s-t)e^{\psi(r,.,\epsilon-t)}ds$
. $g$ $H$ , .
Henderson (2005) , , Merton
(1971) . Henderson (2005) , CARA ,
, , ,
. Wang (2006) CARA ,
, . , ,





. , $\rho_{IB}$ $\sigma_{I}={}^{t}(\sigma_{Ir}, \sigma_{I}s)=$
$t(\sigma_{I}\rho_{IB},$ $\sigma_{I}\sqrt{1-\rho_{IB}^{2}})$ . $\sigma_{t},$ $\sigma_{y}$ .
1 . $\sigma_{I},$ $\sigma_{i}$ $\sigma_{y}$ .
1
3 $\delta$ 0.03 $\kappa$ 0.50 $\overline{r}$ 0.03 $\sigma_{r}$ 0.05
$\lambda_{r}$ 0.17 $\nu$ 0.05 $\sigma_{S}$ 0.15 $\rho_{SB}$ $- 0.50$ $\rho_{IB}$ $- 0.30$
$\beta$ 0.50 $\overline{i}$ 0.02 $\sigma_{i}$ 0.05 $\rho_{iB}$ $- 0.30$ $\sigma_{I}$ 0.05
$\xi_{0}$ 0.03 $\xi_{1}$ 0.50 $\sigma_{y}$ 0.10 $\rho_{yB}$ $- 0.40$ $r$ 0.02
$i$ 0.01 $y$ 3,000,000 $W$ 1,000,000 $w$ 0.10
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$t=25$ $T=65$ 40 .
, . $\sigma_{B}=$
$\sigma_{r}(1-e^{-\kappa(T-t)/2})/\kappa$ . $t$ , $\gamma$ , $\sigma_{I}$ , \mbox{\boldmath $\sigma$}





$t\uparrow\Rightarrow$ $\hat{c}\downarrow$ $t\uparrow\Rightarrow$ $\hat{\pi}_{S}\downarrow$ $t\uparrow\Rightarrow$ $\pi_{\hat{B}}\downarrow$ $t\uparrow\Rightarrow$ $\pi_{M}\uparrow$
2 , , , .
, ,
, .








$\gamma\uparrow\Rightarrow$ $\hat{c}\uparrow$ $\gamma\uparrow\Rightarrow$ $\pi_{S}^{\wedge}\downarrow$ $\gamma\uparrow\Rightarrow$ $\pi_{B}^{\wedge}\downarrow$ $\gamma\uparrow\Rightarrow$ $\pi_{M}\uparrow$
3 , , , .
, , .
1–2 , , ,
, .
, .
, 4, 5 .
4. $\sigma_{I}$
$\sigma_{I}\uparrow\Rightarrow$ $\hat{c}\uparrow$ $\sigma_{I}\uparrow\Rightarrow$ $\hat{\pi}s\uparrow$ $\sigma_{I}\uparrow\Rightarrow$ $\pi_{B}^{\wedge}\uparrow$ $\sigma_{I}\uparrow\Rightarrow$ $\pi_{M}\downarrow$
5 $\sigma_{i}$
$\sigma_{i}\uparrow\Rightarrow$ $\hat{c}\uparrow$ $\sigma_{i}\uparrow\Rightarrow$ $\pi^{\wedge}s\uparrow$ $\sigma_{i}\uparrow\Rightarrow$ $\pi_{\hat{B}}\uparrow$ $\sigma_{i}\uparrow\Rightarrow$ $\pi_{M}\downarrow$
4, 5 3–6 , ,











4, 5 , , . ,
, ,
. , , ,
, .
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$\sigma_{y}\uparrow\Rightarrow$ $\hat{c}\downarrow$ $\sigma_{y}\uparrow\Rightarrow$ $\hat{\pi}s\downarrow$ $\sigma_{y}\uparrow\Rightarrow$ $\pi_{\hat{B}}\downarrow$ $\sigma_{y}\uparrow\Rightarrow$ $\pi_{M}\uparrow$
6 , , . ,
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,
. , , ,
, .
7–8 , , ,
. , , ,
, , .
Viceira (2001) . , ,
, , ,
.
$0’ m\cdot\uparrowiota_{0}u\iota 1VrI\cdot n\mathfrak{j}$
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